Abstract. Equations are given for the calculation of the equilibrium configurations of slowly rotating stars in the framework of classical physics. In particular, prescriptions have been given to find the mass-radius, the mass-central density relations and the shapes of rotating stars. The equations which determine the relations between mass, central density and radius of rotating configurations take the form of an equation of hydrostatic equilibrium. These equations show the balance between the pressure, gravitational, and centrifugal forces correctly to second order in the angular velocity, but no other approximation is made. The equations which determine the moment of inertia and the quadrupole moment of the rotating star have also been derived.
Introduction
In physics rotation may introduce a lot of changes in any system. For celestial object such as stars and planets their rotation plays a crucial role. Rotation does not only change the shape of the celestial objects but also influences the processes occurring inside stars i.e. it may accelerate or decelerate thermonuclear reactions in certain conditions, it changes the gravitational field outside the objects and it is one of the main factors that defines the lifespan of all stars (giant stars, main sequence, white dwarfs, neutron stars etc.) [1] [2] [3] .
For instance, let us consider a white dwarf. A non-rotating white dwarf has a limiting mass ����� ⊙ which iswell-known as the Chandrasekhar limit [4] . The central density and pressure corresponding to this limit define future evolution of white dwarfs. If the white dwarf rotates, then due to the centrifugal forces the central density and pressure decrease [5] . In order to recover the initial values of the central density and pressure of a rotating star one needs to add extra mass. Here we see that a rotating star with the same central density and pressure as those of the non-rotating one possesses larger mass [6] .
In this work we derive the equations describing the equilibrium configurations of slowly rotating stars within Hartle's formalism [7] . It is convenient to consider stars and planets as liquid when solving the problems of celestial mechanics, astronomy and astrophysics. The derived equations are valid with the precision to second order terms in the angular velocity for any liquid.
As a result we obtain the equations defining the main parameters of the rotating equilibrium configurations such as the mass, radius, moment of inertia, gravitational potential, angular momentum and quadrupole moment as a function of the central density and angular velocity (rotation period). In turn these parameters are of great importance in defining the further development -evolution of a star.
To pursue all these issues in more detail it is therefore of interest to determine what are the equilibrium configurations of a rotating star in classical physics. This is a problem, while presenting no difficulties of principle, is numerically complicated. Instead of one radial dimension, one has two or three dimensions. Instead of two ordinary differential equations to solve, one has the equivalent of an infinite system of ordinary differential equationsone for each coefficient of an expansion of all relevant quantities in spherical harmonics.
If, however, the star is rotating slowly, the calculation of its equilibrium properties is much simp-International Journal of mathematics and physics 5, №1, 69 (2014) ler, because then the rotation can be considered as a small perturbation on an already-known nonrotating configuration. We therefore consider in this paper according to the Hartle formalism [7] the following problem:
 A one-parameter equation of state is specified: (pressure) = (known function of the density) � � ���� , where ��� is the pressure and � is the density of matter. In general situations the pressure is also a function of temperature. This restricted form of the equation of state is appropriate when the temperature is a known function of the density inside the star. For example, this is the case when (1) all the matter is cold at the end point of thermonuclear evolution (see Harrison et al. 1965 [11] ) or (2) when the star is in convective equilibrium so that changes in state are adiabatic (see, Chandrasekhar 1939 [10] ).
 A non-rotating equilibrium configuration is calculated using this equation of state and the classical equation of hydrostatic equilibrium for spherical symmetry. The distribution of pressure, energy density, and gravitational field are thereby known.
 Axial and reflection symmetry. Attention is limited here to configurations which are axially symmetric. The configuration is symmetric about a plane perpendicular to the axis of rotation. From one's experience with the Newtonian theory of figures of equilibrium it is plausible that both of these assumptions are really consequences of the slow rotation of the configuration and not restrictions at all.  This configuration is given a uniform angular velocity sufficiently slow so that the changes in pressure, energy density, and gravitational field are small. The configurations which minimize the total mass-energy (e.g., all stable configurations) must rotate uniformly (see Hartle and Sharp 1967 [12] ).
 Slow rotation. From simple dimensional consideration this requirement implies
where Ω is the angular velocity of the star, � is the mass of the unperturbed configuration, � is its radius, � is the gravitational constant, � is the speed of light. For the unperturbed configuration the factor ����� � is less than unity [8, 9] . Consequently the condition in equation (1) also implies
 In other words, every particle must move at non-relativistic velocities if the perturbation of the geometry is to be small in terms of percentage.
 These small changes are considered as perturbations on the known non-rotating solution. The field equations are expanded in powers of the angular velocity and the perturbations calculated by retaining only the first-and second-order terms.
In this paper the equations necessary to solve this problem are obtained. Their numerical solution for particular equation of state and the analysis of the stability of the resulting configurations will be discussed in the forthcoming papers.
Slowly rotating stars in Newtonian gravitational theory
The theory of the equilibrium configurations of slowly rotating self-gravitating bodies has long been known in Newtonian gravitational theory (see, e.g., Jeffreys 1959 [13] ; Chandrasekhar and Roberts 1963 [5] ). In Newtonian gravitational theory the equilibrium values of pressure �, density � and gravitational potential Φ of a fluid mass rotating with a uniform angular velocity Ω are determined by the solution of the three equations of Newtonian hydrostatic equilibrium. These are (1) the Newtonian field equation:
(2) the equation of state which we have assumed to have a one-parameter form , and the equations which govern the second-order terms in the solution determined.
Coordinate transformations
Care must be exercised in choosing the coordinate system in which these expansions are carried out. For example, an expansion of the density as a function of the ordinary polar coordinates �, � is not valid throughout the star. Such an expansion could be valid only if the fractional changes in density at each point in space were small. This condition cannot be met near the surface of the star as the surface of the configuration will be displaced from its non-rotating position and the perturbation in the density may be finite where the unperturbed density vanishes. To avoid this difficulty the points of space in the rotating configuration will not be labeled by the usual coordinates � and �. Instead two coordinates � and Θ defined as follows will be used: Consider a point inside the rotating configuration. This point Figure 1 -Definition of the coordinates �, Θ, and the displacement��. The surface (a) is the surface of constant density ���� in the non-rotating configuration.
The surface (b) is the surface of constant density ���� in the rotating configuration.
lies on a certain surface of constant density. Ask for the radius of the surface in the non-rotating configuration which has precisely the same constant density. This radius is defined to be the coordinate �. The coordinate Θ is defined to be identical with the usual polar angle �. These definitions are given pictorially in Figure 1 and mathematically by the following equations:
The function ���, Θ� then replaces the density as a function to be calculated in the rotating configuration. The expansion of the ���, Θ� in powers of the angular velocity will be written
The quantity � � ���, Θ��Ω � is the difference in radial coordinate �, between a point located by polar angle Θ on the surface of constant density ���� in the rotating configuration and the point located by the same polar angle on the surface of International Journal of mathematics and physics 5, №1, 69 (2014) the same constant density on the non-rotating configuration (see Figure 1 ). For small angular velocities, the fractional displacement of the surface of constant density due to the rotation is small at the surface and in the middle of the star,
It will also be small at the center of the star if the rotating configuration is chosen to have the same central density as the non-rotating configuration so that � vanishes at � � �. We are always free to consider the rotating configuration as a perturbation on a non-rotating configuration of the same central density; so that equation (8) 
Expansion in spherical harmonics
The expansion of � to terms in Ω � is given by equation (7) and the expansion of Φ is denoted by
These expansions are to be inserted in equations (3) and (5) 
where � � �cos Θ� are the Legendre polynomials. These expansions are to be substituted into the three equations of Newtonian hydrostatic equilibrium and the equations governing � � ��� and Φ � ��� derived.
When the expansions contained in equations (7), (10) , and (11) 
There remain only the quantities with � � � and � � 2 to be determined. This reduction in the number of � values from infinity to 2 is the central simplification of the slow rotation approximation. In place of a system of partial differential equations one now only has ordinary differential equations for the four unknown functions 
From here we see that � accepts only two values 0 and 2. Rewriting the Newtonian equation of hydrostatic equilibrium in coordinates �, Θ and expanding it in spherical harmonics we obtain Taking into account that ���, Θ� � � � ��� � � � ���� � �cos Θ�, and collecting the corresponding terms we obtain the following Newtonian field equations of both static and rotating configurations ���, � � ��� and � � ���, which will completely determine the equilibrium configuration, will now be given in forms suitable for solving these problems.
Relation between mass and central density
The relation between mass and central density may be determined from the � � � equations alone.
The mass can be found from the term in Φ which is proportional to � � ⁄ at large distances. All components except � � � vanish more strongly than this. Similarly near the origin all components of the density except � � �vanish, so only the � � � component contributes to the central density.
The total mass of the rotating configuration is given by the integral of the density over the volume. Writing this out in the �, � coordinates, expanding to order Ω � , and performing an integration by parts, one finds the change in mass � ��� of the rotating configuration from the non-rotating one. Thus the total mass is given by 
taking into account the following integrals
It is easy to show from the field equations and definitions of the masses
using the condition that Φ ��� ���, Φ � ��� ��� → ��������, as � → �, taking into account (22) the masses of both configurations can be expressed as
It is convenient to display the � � � equation in a form in which it resembles the equation of hydrostatic equilibrium. To do this we make the definition
and taking derivative from (17) we obtain
this equation along with
show the balance between the pressure, centrifugal, and gravitational forces per unit mass in the rotating star. The latter expression is written in terms of (16). To calculate the relation between mass and central density for the rotating star one now proceeds as follows: (1) Pick a value of the central density. Calculate the non-rotating configurationwith this central density. (2) Integrate equations (37) and (38) outward from the origin starting with the boundary condition which guarantees that the central density of the rotating configuration will have the same value.
(3) The value of � ��� ��� at the radius of the unperturbed star gives the change in mass of the rotating star over its non-rotating value for the same central density.
The shape of the star and numerical integration
The calculation of the shape of the rotating star involves the l� 2 equations as well as those with � � �. If the surface of the non-rotating star has radius � then equations (7) and (11) show that the equation for the surface of the rotating star has the form
The value of � � ��� is already determined in the � � � calculation
Where � � � ��� ��� is the mass of the nonrotating configuration. However the determination of � � ��� from � � 2 equations is not straightforward. So far, we have � � 2 equations (18) and (23) representing hydrostatic equilibrium and field equations, respectively. Defining � � ��� from (18) and inserting it into (23) we have
where ���� � � ��� ��� is the non-rotating mass for the sake of brevity. In order to solve the latter equation numerically one needs to rewrite it as first-order linear differential equations. Introducing new functions � � Φ � ��� and � equation (43) can be reduced to
The equations are solved for the derivatives so that they are in a form where their solution can be computed numerically by integrating outward from the origin. At the origin the solution must be regular. An examination of the equations shows that, as � → �,
where � and � are any constants related by
and where � � is the value of the density at the center of the star. The remaining constant in the solution is determined by the boundary condition that ���� → � at large values of � . The constant is thus determined by joining the interior solution to that exterior solution which satisfies this boundary condition.
In the exterior region �� � �� the solutions of the equations (44) 
with � and � related now by
The general internal solution �� � �� may then be written
By matching (48) and (52) at �� � �� the constants � � and � � are defined. Thus � �� ��� is determined, hence � � ��� can be easily calculated from 
The ellipticity of the star
The quantity defined by
is the ellipticity of the surface of constant density labeled by � [15] . Using this expression and (42) This equation is equivalent to Clairaut's equation [15] . Here both ���� and ���� are known functions of �. The ellipticity must be regular at small �, and equation (56) shows that it approaches a constant at � � �. With this boundary condition equation (56) may be integrated to find the shape of ���� but not its magnitude. To find the magnitude of ���� one needs to use (53). The procedure for the boundary condition at the surface in the previous section, together with the condition of regularity at the origin and the differential equation (56) uniquely determine the ellipticity of the surfaces of constant density as a function of the coordinate �.
Quadrupole moment
The Newtonian potential Φ��, Θ� outside the star �� � �� will be written as before (see (10) 
where
In view of (25), the equation (57) is written as follows
Thus constant � � can be written as � � � ��, where � is the mass quadrupole moment of the star. According to Hartle's definition � � � defines an oblate object, � � � defines a prolate object.
Moment of inertia
Similarly to the total mass of the star the total moment of inertia can be calculated 
The definition of the moment of inertia for slowly rotating relativistic stars can be found in [14] .
Summary: static case
To determine the relation between mass and central density one now proceeds as follows. 
The gravitational potential of a non-rotating star is defined by 
These boundary conditions guarantee that the central density of the rotating and non-rotating configurations are the same. 
Conclusion
Equations have been developed for calculating the structure of slowly rotating classical stars in hydrostatic equilibrium. In particular, prescriptions have been given to find the relation between mass and central density, the shapes of rotating stars.
The equation which determines the relation between mass and central density takes the form of an equation of hydrostatic equilibrium. It enforces the balance of pressure, gravitational, and centrifugal forces correctly to order Ω � in the angular velocity. In this order the surface of constant density are spheroids whose ellipticity varies from zero at the center of the star to the ellipticity which describes the shape of the star at the surface. The ellipticity, ���� , as a function of radius is determined by Clairaut's differential equation for this quantity.
Both the equations which determine the relation between mass and central density and those which determine the ellipticity are systems of ordinary, first-order linear differential equations whose solution may be obtained by numerical integration.
The equations which determine the moment of inertia and the quadrupole moment of the rotating star have also been defined. The product of the moment of inertia and the angular velocity defines the angular momentum of the star.
All these quantities are very crucial in describing the equilibrium configurations of uniformly rotating stars and planets.
